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In this paper the Laplace transform method is combined with Pade´ approximations to solve linear viscoelastic prob-
lems. This approach allows to avoid the usual diﬃculties of original function determination. An algorithm is given to ﬁnd
solution with arbitrary precision. As an example the solution for problem of viscoelastic orthotropic half-plane stress state
under concentrated normal force is given.
 2006 Elsevier Ltd. All rights reserved.
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The method of viscoelastic problems solution using integral transformation is well-known from literature
(Christensen, 1971; Pipkin, 1986). In this paper we address to the problem that arises in application of the
inverse transformations in order to obtain viscoelastic solution.
It is known that reference problems solutions often contain functions that are too complicated that it does
not seem possible to obtain their original functions in time domain. There are two main ways to deal with this
obstacle. The ﬁrst is to simplify the conditions of the initial viscoelastic problem, e.g. to study materials which
properties are decrease the diﬃculty of original function seek (shear creep compliance domination, special ker-
nels of viscoelasticity). The second one, which we adopt in this paper, is to ﬁnd the solution by speciﬁc approx-
imation of the reference problem solution.
There is a vast literature related to the latter of these approaches to inversion of Laplace transform (LT).
The detail review of the methods available through 1979 is given in Davies and Martin (1979). The main con-
clusion of the authors was that ‘‘no single method gives optimum results for all purposes and all trans-
forms . . .’’. By now the researchers did not propose any universal method.
Generally the most successive methods of numerical LT inversion are based on two approaches. The ﬁrst
lies in the transform’s expansion into the series of orthogonal functions which are more convenient from the0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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Weeks, 1966). The second uses regularization of the problem via other integral transforms (e.g. Mellin trans-
form) (Ayrapetyan and Ramm, 2000; Kryzhniy, 2004).
The ﬁrst approach has no universal strategy in chose of parameters of the method (method constants and
points for transform calculation). In each case these values have to be separately chosen to give the best accu-
racy. The second method needs for the values of transform at the considerable amount of points. These short-
comings make diﬃculties for applications with ﬁnite elements except for the most simple cases (Pan et al.,
1997).
One of the critical problem in the use of numerical inversion is that the problem of inversion is ill-posed (i.e.
there are examples where transforms which are arbitrary close to each other in a sense of sup-norm, but their
originals diﬀer by an arbitrary large amount). This problem can be treated by the regularization of inverse LT
or by careful study of approximation error.
In work (Van Iseghem, 1987) a method for the numerical inversion of LT using Pade´ approximants of
transform is proposed and the proofs for mean square and uniform convergence is given.
In this paper we propose to replace the function of transformation parameter in reference solution by the
speciﬁc Pade´ approximation that takes into account viscoelastic characteristics of material. This approxima-
tion must coincide with the function at initial and inﬁnite moments of time and have minimal deviation from it
over all domain of the parameter’s variation.
Section 2 devoted to the explanation of the main principles used to obtain viscoelastic solution via the
Laplace transform. The basics of the proposed approach are expounded in Section 3. Section 4 shows an
example of the techniques application to the problem of stresses determination in viscoelastic orthotropic
half-plane under the concentrated force.
2. Constitutive equations of the problem and reference solution
As it was pointed out by many authors (Christensen, 1971) the constitutive equations and other conditions
of elastic and viscoelastic problems have identical form except for the stress–strain dependence. This intercon-
nection in a case of generally anisotropic non-aging linear viscoelastic body in isothermal problem can be writ-
ten aseijðtÞ ¼
Z t
0
J ijklðt  sÞdrklðsÞ ð1Þor after integration by partseijðtÞ ¼ J 0ijkl rklðtÞ þ
Z t
0
Kijklðt  sÞrklðsÞds
 
; ð2Þwhere J 0ijkl stands for the instantaneous compliances andKijklðtÞ ¼ 1
J 0ijkl
dJ ijklðtÞ
dt
ð3Þare creep rates.
But even these equations can be reduced to the same form as the elastic are. This can be done using integral
transformation, e.g. Laplace or Fourier transformation. It is worth noting that the Laplace transform of
stress–strain relations (2) can be reduced to exactly the same form as the Hooke’s law for elastic body~eij ¼ eSijkl~rkl; ð4Þ
where ~eij and ~rkl are the Laplace transforms ð~f ¼L½f ðtÞ ¼
R1
0
estf ðtÞdtÞ of strains and stresses. eS ijkl can be
found aseSijkl ¼ seJ ijkl ð5Þ
where eJ ijkl are the Laplace transforms of compliances.
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rocals of one another it is more useful to apply s-multiplied Laplace transform, i.e. Carson transform to mod-
uli and compliances. In terms of this transform we obtain merely elastic problem with usual interconnections
between moduli and compliances.
The solutions of statistically elastic problems can be converted in transformed solutions of the correspond-
ing viscoelastic problems substituting transforms for their elastic analogues. Then elastic variables ﬁeld in
solution can be treated as viscoelastic variables ﬁeld transform. Hence, viscoelastic solution can be found
by inverse transformation.
Thus, if the solution of reference problem is found as a function eF ½eSijklðsÞ then as soon as boundary con-
ditions of viscoelastic problem underlie to restrictions some of which discussed in works (Lee and Radok, 1960;
Golden and Graham, 1988; Graham and Golden, 1988) viscoelastic solution will beL1½eF ðeS ijklðsÞÞ=s, where
L1 stands for the inverse Laplace transform.3. Pade´ approximation of the reference problem solution
The main problem, that arises when someone try to solve viscoelastic problem, is to obtain viscoelastic var-
iable from the known form of elastic solution, i.e. to apply the inverse Laplace transform on the function of
transformation’s parameter s.
Usually the form of elastic solution is complex enough to make the above-mentioned problem almost
unsolvable. This fact leads to the situation when viscoelastic solution even for the most simple problems
are not obtained for the general viscoelasticity, i.e. the problems are solved for dominated shear creep com-
pliance or for speciﬁc kernel type only.
We propose to use the inverse Laplace transform not to original elastic solution but to the rational approx-
imation of this solution which is commonly referred to as Pade´ approximation.
Thus, let the obtained solution of the reference problem is eF ðsÞ. We propose to approximate this function
by rational function as follows:eF ðsÞ  eZðsÞ ¼ AðsÞ
BðsÞ ; ð6Þwhere A(s) and B(s) polynomials of s. Details of the approximation techniques can be found in Wynn (1960)
and Jones and Thron (1980).
Then original function of the approximation can be found using the following theorem
Theorem 1 (Decomposition theorem). Consider the rational function of transform variable eZðsÞ such that
eZðsÞ ¼ AðsÞ
BðsÞ ¼
AðsÞ
ðs s1Þðs s2Þ    ðs snÞ ; si 6¼ sj as i 6¼ j; ð7Þand degree of polynomial A(s) is less or equal to n. ThenL1
1
s
eZðsÞ  ¼Xn
i¼1
AðsiÞ
B0ðsiÞ
Z t
0
esis ds: ð8ÞAs a matter of fact from the high accuracy of the approximation (6) does not follow the high accuracy
of the approximation L1½eF ðsÞ=s L1½eZðsÞ=s so this question must be carefully studied in each case
(Kaminskii and Selivanov, 2005a).
Most of the creep compliances J ijklðtÞ ¼ J 0ijkl½1þ
R t
0
Kijklðt  sÞds as functions of time t have speciﬁc linear
slope interval as they are plotted in Jijkl(t) vs. log t scale (Rabotnov, 1980). The same slope for all Jijkl(t) stip-
ulates that viscoelastic solution L1½eF ðsÞ=s has identical slope as plotted in log t scale.
In the problems when all of the creep compliances as functions of time are of the same class (sum of expo-
nents or powers) the usage of above mentioned approach may not be so eﬃcient. In this case the solution
transform is as follows eF ðeS ijkl½/ðsÞÞ, where /(s) is transform of the general part in creep compliances. Then
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q = /(s).
We close our attention on speciﬁc kind of integral kernels in (2), i.e.KijklðtÞ ¼
Xnijkl
m¼1
kijklm Raðbijklm ; tÞ; ð9ÞwhereRaðb; tÞ ¼ ta
X1
n¼0
ðbÞntnð1aÞ
C½ðnþ 1Þð1 aÞ ð10Þare Rabotnov kernels (Rabotnov, 1980), C is Euler’s gamma and a corresponds to the observed slope for spe-
ciﬁc material. More details on Rabotnov function can be found in Appendix A.
The use of these kernels is not a strong restriction. It can be pointed out that for a = 0 we obtain well-
known Prony series (Park and Schapery, 1999) and for bijklm ¼ 0 we have common power kernels. Thus this
assumption generalized the most-used kernels of creep compliance.
Although exponential representation of the deformation velocity during initial period of time is not suﬃ-
ciently appropriate (it has ﬁnite value at t = 0) it is often used to study long enough processes. This shortcom-
ings can be overcome by the use of the sum of exponents, i.e. the use of Prony series. However, the appropriate
approximation of experimental data for viscoelastic materials leads to considerable increase of the number of
terms in the series and hence the number of viscoelastic characteristics (Bradshow and Brinson, 1997; Park and
Schapery, 1999).
Abel’s kernel is used to describe the initial period of material’s creep or to describe the whole period of
unbounded creep, when the deformation process tends to destruction. When we deal with the bounded creep
that corresponds to the linear deformation domain of material and limiting deformation e1 when t!1, it is
reasonable to use the kernels of Rzhanitsyn or Rabotnov. The use of these weak-singular functions allow us to
describe unbounded creep rate (see Eq. (3)) at the initial moment of time. Hence experimental results can be
taken into account using one or few terms of this type while the corresponding Prony series have on the order
more terms (Kaminskii and Selivanov, 2005b).
In the case of Rabotnov kernels the most convenient way to solve the problem is to consider F(s) as a func-
tion of parameter q = s1a. Then eF ðsÞ ¼ eZðqÞ can be approximated by the rational function aseZðqÞ  eZnðqÞ ¼Pni¼0aiqiPn
i¼0biq
i
; ð11Þwhere b0 = 1.
The condition that this approximation for t = 0 and t =1 have to coincide with eZðqÞ yieldsa0 ¼ eZð0Þ ¼ f1; anbn ¼ eZð1Þ ¼ f0; ð12Þ
where f0 = F(0) and f1 = limt!1F(t). Then rational function in Eq. (11) can be rewritten aseZnðqÞ ¼ f1 þPni¼1aiqi
1þPn1i¼0 biqi þ anf0 qn : ð13ÞThe original function of Pade´ approximation, i.e. approximation of viscoelastic solution can be obtained using
the following decomposition theorem.
Theorem 2 (Decomposition theorem 2). Consider the rational function Z of variable q = s1a such thatZðqÞ ¼ AðqÞ
BðqÞ ¼
AðqÞ
ðq q1Þðq q2Þ    ðq qnÞ
; qi 6¼ qj as i 6¼ j ð14Þand degree of polynomial A(q) is less than n. Then
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1
s
ZðqÞ
 
¼
Xn
i¼1
AðqiÞ
B0ðqiÞ
Z t
0
Raðqi; sÞds: ð15ÞFor the details of the numerical process that allows to choose points of transform calculations that gives
appropriate approximation accuracy and minimize the consequences of ill-posedness one is referred to
Appendix B.4. An example
Consider the problem for viscoelastic orthotropic half-plane under the normal concentrated force P.
Hooke’s law for elastic problem can be written asex ¼ 1E11 rx 
m12
E22
ry ; ey ¼  m12E22 rx þ
1
E22
ryy ; cxy ¼
1
G12
sxy ð16Þor in a form of reference problem as~ex ¼ eS 11~rx þ eS 12~ry ; ~ey ¼ eS12~rx þ eS22~ry ; ~cxy ¼ eS 66~sxy ; ð17Þ
where E11, E22, G12, m12 are elastic characteristics of orthotropic plate, eS ij can be found according to Eqs. (2)
and (5).
If the polar coordinate system is introduced as it is shown in Fig. 1 then all the stresses, except for the
radial, are zeroes in elastic and hence viscoelastic problem. The radial stress, rr, in the reference problem is
(Lekhnitsky, 1963; Galin, 1980)rr ¼  pp ðu1 þ u2Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃeS 11eS 22q cos hrLðhÞ ; ð18ÞwhereLðhÞ ¼ eS 11 sin4 hþ ð2eS 12 þ eS 66Þ sin2 h cos2 hþ eS 22 cos4 h; ð19Þ
u1 and u2 are the roots of equationeS 11u4  ð2eS 12 þ eS 66Þu2 þ eS22 ¼ 0: ð20Þ
The sum of these roots isu1 þ u2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2eS 12 þ eS 66eS 11 þ 2
ﬃﬃﬃﬃﬃﬃﬃeS 22eS 11
svuut
: ð21ÞThe problem was treated by the above-proposed method.P
rθ
y
x
Fig. 1. Problem geometry and notation.
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Gavrilov, 1992):a ¼ 0:717; E11 ¼ 19:7 103 MPa; E22 ¼ 11:7 103 MPa;
G12 ¼ 0:637 103 MPa; m12 ¼ 0:14;
nijkl ¼ 1; k111 ¼ 0:018sa1; b111 ¼ 0:0928sa1;
k221 ¼ 0:0608sa1; b221 ¼ 0:1283sa1;
k661 ¼ 0:1398sa1; b661 ¼ 0:0407sa1:
ð22ÞAs it was discussed above for calculations we used Rabotnov kernels. This prompted the function of compli-
ance and function in Eq. (4) to beJ ijðtÞ ¼ J 0ij ¼ 1þ
Z t
0
kij1Raðs; bijÞds
 
;
eS ij ¼ seJ ij ¼ eJ 0ij 1þ kij1s1a þ bij1
" #
;
ð23Þwhere standard reduction of indexes is used.
Plots for the radial stress at the moments of time t = 0 (dashed line), t = 105 s (solid line) and t =1 (dash-
dotted line) are shown in Fig. 2.
More detail results for the radial stress at diﬀerent angles are shown in Fig. 3 (log stands for the decimal
logarithm).
As it follows from the above-explained procedure, Pade´ approximation’s accuracy depends on the number
of terms n in polynomials A(q) and B(q). For n = 1 approximation (13) takes the formS1ðqÞ ¼ f1 þ a1q
1þ a1f0 q
ð24Þand the problem of error alignment (see Appendix B) is reduced to ﬁnding of a point n1 for which maximums
of error H(t) = jS  S1j are equal for x 2 [0,n1] and for x 2 [n1,1].
The more degree of polynomials the more precise but complex will be the approximation. Fortunately, at
least for the problem at issue the approximation for n = 2 is precise enough. Thus for h = 0 relative error isP
Fig. 2. Stress redistribution with time.
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72 M.F. Selivanov, Y.A. Chernoivan / International Journal of Solids and Structures 44 (2007) 66–769.4 · 104 for n = 1 and 8.8 · 105 for n = 2; as well as the relative error for h = 81 is 3.7 · 105 for n = 2.
Plots of the approximations deviations from the analytical solution, H, for n = 1, 2 are given in Fig. 4 for the
angles h = 0 and h = 81.
5. Discussion
The techniques used here to obtain viscoelastic solutions can be readily applied to the most part of custom-
ary viscoelastic problems. However in more complex (especially nonlinear) problems of viscoelastic materials
fracture mechanics it seems to be more simple to replace this techniques for its analogue in the domain of inte-
gral operators, i.e. operator continued fraction method (OCFM) (Kaminskii, 2000; Kaminskii and Chernoi-
van, 2000). Among the advantages of this replacement is the fact that approximations of solutions obtained by
OCFM are ready to use and there is no need to ﬁnd their original functions.
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and non-constant external load while OCFM is already has successful application to the problems of aging
viscoelasticity (Kaminsky and Gavrilov, 2002) and non-constant loading problem (Kaminskii and Selivanov,
2003).
The possibility of OCFM application to the cases when Volterra’s principle (Volterra, 1913) is unapplicable
(i.e. correspondence principle is unapplicable too) is discussed in works (Kaminsky and Chernoivan, 2004,
2005).
Appendix A. Rabotnov function
The uniaxial, non-aging, isothermal stress–strain interrelations for linear viscoelastic material can be rep-
resented by convolution-type equationEe ¼ rþ kJ  r; ðA:1Þ
where J is time-dependent compliance and (*) denotes convolutionu  v ¼
Z t
0
uðt  sÞvðsÞds:Solution of Eq. (A.1) can be found as1
E
r ¼ e kG  e; ðA:2Þwhere G is time-dependent modulus. Transformation of Eq. (A.1) using convolution theorem yieldsE~e ¼ ~rþ keJ ~r; ðA:3Þ
whence~r ¼ E~e
1þ keJ : ðA:4ÞOn the other hand transformation of (A.2) yields~r ¼ Eð1 keGÞ~e: ðA:5Þ
Comparison of Eqs. (A.4) and (A.5) gives us1
1þ keJ ¼ 1 keG; eG ¼ eJ1þ keJ : ðA:6Þ
It is worth noting that G is called resolvent generated by the function J.
Now consider the case when the relaxation modulus is deﬁned by power function (Abel’s kernel)JðtÞ ¼ t
a1
CðaÞ ; 0 < a 6 1: ðA:7ÞThe transform of this function iseJ ¼ 1
sa
: ðA:8ÞTaking into account Eq. (A.6) we haveeG ¼ 1sa
1þ ksa
¼ 1
sa þ k : ðA:9ÞThe expression 1
1þ ksa
can be expanded into power series as follows:1
1þ ksa
¼
X1
n¼0
 k
sa
 n
: ðA:10Þ
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n¼0
ðkÞn
saðnþ1Þ
: ðA:11ÞTaking into account that L1½ 1
saðnþ1Þ ¼ t
aðnþ1Þ1
C½aðnþ1Þ the following formula can be obtained:GðtÞ ¼ ta1
X1
n¼0
ðkÞntan
C½aðnþ 1Þ : ðA:12ÞThe function G(t) is called fractional exponential Rabotnov function (Rabotnov kernel).
Appendix B. Alignment of error function deviation
Consider the problem of approximation of function f(x) on interval [0,1) by rational function F(x), which
coincides with f(x) at the points x0,x1, . . . ,xm (Collatz, 1964) and have the positive range domain.
Conditions (12) deﬁne that there are only 2n  1 independent coeﬃcients in Eq. (11) among the set of
2n + 1 coeﬃcients a0,a1, . . . ,an,b1,b2, . . . ,bn. The ﬁrst of conditions (12) yields a0 = f(0), the second
bn = a0/f1 (f1 = limx!1f(x)).
Denote the independent coeﬃcients as C = (c1,c2, . . . ,c2n1) (c1 = a1, c2 = a2, . . . ,cn = an, cn+1 = b1,
cn+2 = b2, . . . ,c2n1 = bn1).
If the initial values x0,x1, . . . ,xm are known then coeﬃcients C can be found from the following linear alge-
braic equations:Xn1
i¼1
xijci þ xnj 1
1
f0
 
cn 
X2n1
i¼nþ1
f ðxjÞxijci ¼ f ðxjÞ  f1; j ¼ 1; 2; . . . ;m; m ¼ 2n 1: ðB:1ÞThe values of cs (s = 1,2, . . . ,m) should be chosen such that relative error of the approximationHðx;CÞ ¼ f ðxÞ  F ðx;CÞ
f ðxÞ ðB:2Þhas the least Chebyshev’s normkHðx;CÞk ¼ max
x2½0;1Þ
jHðx;CÞj: ðB:3ÞIn other words we have to ﬁnd the minimum of the function in Eq. (B.3) by the components of coeﬃcients
vector C.
Hereafter all the functions are supposed to be continuous by cs and diﬀerentiable by x. We also suppose
that approximation problem has the unique solution C, and H(x,C) has the same but alternate values at m
bending points n0,n1, . . . ,nm. This solution can be obtained from the following equations:Hðn0;CÞ þ ð1Þjþ1Hðnj;CÞ ¼ 0; j ¼ 1; 2; . . . ;m: ðB:4Þ
Further, let S be a set of vectors C, for which the error H(x,C) reaches relative extremum at (m + 1) points
n0,n1, . . . ,nm (extremal values may not be equal) with alternation of sign. These bending points are merely
functions of C : nj = nj(C). For inner bending points these functions should meet the conditionoHðx;CÞ
ox
 
x¼nj
¼ 0: ðB:5ÞThe notationpjðCÞ ¼ Hðn0ðCÞ;CÞ þ ð1Þjþ1HðnjðCÞ;CÞ; j ¼ 1; 2; . . . ;m ðB:6Þ
gives us the following m nonlinear equations for ck:pjðCÞ ¼ 0; j ¼ 1; 2; . . . ;m: ðB:7Þ
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If we consider the set of functions pj(C) as vector TC coordinates, then Eq. (B.6) deﬁne the operator T.
Starting from C(0) approximations C(k) can be found by the formulaCðlþ1Þ ¼ CðlÞ  ½T0ðCðlÞÞ1TCðlÞ; l ¼ 0; 1; 2; . . . ðB:8Þ
Herein the Fre´chet derivative of operator T is the matrix with elements which can be found as follows:tjk ¼  1f ðn0Þ
oF ðn0ðCÞ;CÞ
ock
 ð1Þjþ1 1
f ðnjÞ
oF ðnjðCÞ;CÞ
ock
; j; k ¼ 1; 2; . . . ;m: ðB:9ÞCorrection vector h = (h1,h2, . . . ,hm) can be found from the system of linear algebraic equationsT0ðCð0ÞÞh ¼TCð0Þ; T0ðCð0ÞÞ ¼ ðtjkÞ ðB:10Þ
or
Xm
k¼1
tjkhk ¼ sjðCð0ÞÞ: ðB:11ÞThus for the ﬁrst approximation we have C(1) = C(0) + h. The following iterative process leads us to the solu-
tion C(l) with appropriate precision.
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